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THE EFFECT OF XON-LINEARITIES ON 
OPTICAL CORRELATION PROCESSING 
Abstract 
This paper presents a method of ana ly t ica l ly  determining the  e f f e c t  
of i n t e r n a l  non-lineaxities on the output of a coherent op t ica l  cor re la tor  
, 
I 
I 
operated as a matched f i l t e r .  Such a device employs photographic-trans- 
, parencies or other media f o r  t he  representation of t he  reference and signal. 
functions.  These include d is tor t ions  due t o  the  non-l inear i t ies  of t he  
F 
processes involved. 
The e f f e c t  of the d is tor t ions  on the  output cor re la t ion  functions i s  
derived using a Taylor s e r i e s  expansion of  the  non-l inear i t ies .  
representat ive examples a re  considered t o  demonstrate the e f f ec t  numerically. 
Three 
0 
THE EFFECT OF NON-LINWRITIES ON 
OPTICAL CORRELATION PROCESSING 
I. Introduction 
A Coherent op t i ca l  cor re la tor  may be described i n  simple terms as an 
op t i ca l  system consis t ing of a collimated coherent l i g h t  source, a series of 
lenses  which repeatedly transform amplitude d i s t r ibu t ions  i n  one plane i n t Q  
t h e i r  Fourier transforms i n  t h e  following plane, transparency holders i n  the  
various image planes, and a series of detectors  transversely d is t r ibu ted  alQng 
a v e r t i c a l  l i n e  i n  the  center  of the terminal plane. 
configuration of such a system. 
descr ip t ion  of a commercially available system [ 13 . By t h i s  system, cross- 
co r re l a t ion  processing can be carr ied out simultaneously fo r  s igna l  d i s t r ibu-  
t i ons  i n  the horizontal  d i r ec t ion  i n  a number of channels d i s t r ibu ted  i n  the  
v e r t i c a l  d i rec t ion .  
Figure 1. shows a bas ic  
For more d e t a i l s  reference i s  made t o  a 
0 
Usually the  assumption i s  made that  the op t i ca l  processes are  l i n e a r  so  
t h a t  the  op t i ca l  operations can be described by re la t ionships  as they are 
used for l i n e a r  processing i n  e lectronic  cor re la tors .  
right away evident since non-l inear i t ies  usual ly  are more pronounced i n  op t i ca l  
This assumption i s  not 
systems than i n  the  corresponding electronic  devices. 
question arises t o  which extent these non-l inear i t ies  w i l l  a f f ec t  the operations 
i n  o p t i c a l  cor re la tors .  The question has two aspects,  namely: 
undesired but p rac t i ca l ly  unavoidable non-l inear i t ies  make cor re la t ion  processing 
i n f e r i o r  t o  other methods of f i l t e r i n g  and (2)  can requirements with regard t o  
l i n e a r i t y  be relaxed if the  effects  of non-l inear i t ies  i n  processing are 
As a consequence the  
(1) W i l l  
0 neg l ig ib ly  small. 
I 
b .. k- - 2- . .  . ,  
Various sources mzy introduce non-l inear i t ies  i n  the op t i ca l  system. 
F i r s t ,  transparencies for  the  reference s igna l  w i l l  not be an exact reproduction 
of the o r ig ina l  s igna l .  Two possible sources account f o r  these d i s to r t ions .  
The non-linear charac te r i s t ics  of the f i lm including photo processing 
0 
[ 2 ]  
represent one of these and the  non-linear re la t ionship  between the  output of 
the l i g h t  source and the  e l e c t r i c  s ignal  i n  producing the  transparency i s  the  
other.  Secondly, non-l inear i t ies  resu l t ing  from the  same sources may be present 
i n  the reproduction of the  object s ignal .  The non-l inear i t ies  of the reference 
function and the  s igna l  f’unction may be the  same i f  they are produced by 
i d e n t i c a l  reproduction methods o r  they m a y  be d i f f e ren t .  Additional sources 
Of non- l inemi t ies  are the detectors  i n  the  terminal plane. These las t  effects 
w i l l  be of minor concern a t  t h i s  time, though, since they may be compensated 
f o r  by appropriate l inear iz ing  c i r cu i t ry .  
11. Model of a Non-Linear Processing System 
For studying the e f fec ts  of non-l inear i t ies  on cor re la t ion  processing, the  
All non-l inear i t ies  introduced i n  the  operations following model w i l l  be used: 
of transforming an e l e c t r i c a l  s ignal  i n t o  an op t i ca l  reference f inc t ion  given by 
the  amplitude transmittance of the  reference transparency w i l l  be lumped together .  
They are described by a cha rac t e r i s t i c  c u v e  which i n t e r r e l a t e s  the  amplitude 
transmittance and the  e l e c t r i c  reference s igna l  which i s  usual ly  the  transmitted 
telemetry s igna l  for  a pa r t i cu la r  channel. A second cha rac t e r i s t i c  curve w i l l  
descr ibe t h e  transformation of t he  received telemetry s igna l  including noise 
I n t o  a signal-function transparency. 
Assuming a model of t h i s  type, t he  bas ic  question becomes: Wha$ are  the 
deviations of the  ( crosscorrelation f’unctions obtained by opt ica l  processing 
if the reference and signal Aulctions of t h e  respective transparencies beccnw 0 
. non-linear rep l icas  of the  corresponding e l e c t r i c  s i g  1s. Based on t h i s  
0 model, the  ,gqgsscorrelation in t eg ra l  of the reference and s igna l  f'unctions 
w i l l  be determined where these f inc t ions  are considered as output f'unctions 
of non-linear c i r c u i t  elements which are described by cha rac t e r i s t i c  curves. 
The non-linearity of the  charac te r i s t ic  curves i s  taken i n t o  account as an 
approximation by a T a y l o r  s e r i e s .  
111. Essent ia l  Equations 
I -  
~ 
I .  
Figure 2 shows 8 sample cha rac t e r i s t i c  curve r e l a t i n g  the  output of a 
spec i f i c  non-linear process t o  i t s  input.  
represented by a var iable  y which varies about yo and i s  l imited t o  the  region 
between ymin and ymU. 
continuous a t  yo we m a y  wri te  a T a y l o r  s e r i e s  expansion of t h i s  m c t i o n  which 
w i l l  converge t o  f (y)  i n  t h i s  region. Since the  s e r i e s  i s  convergent, we m a y  
i n  p r a c t i c a l  applications approximate f ( y )  by the  f i rs t  several  terms of t h i s  
We m a y  consider t he  input s igna l  
Assuming t h a t  both f(y) and i t s  der ivat ives  a re  
0 
expansion. The Taylor s e r i e s  i s  wr i t ten  
where the  primes denote d i f fe ren t ia t ion  w i t h  respect t o  y. 
no ta t ion  we wri te  
T o  s i m p l i e  the  
s ince these quant i t ies  are charac te r i s t ic  constants of the  pa r t i cu la s  process 
being considered. Lett ing 
I . _  . .  
-4- 
we have 
0 
Using th i s  technique, we can describe the  ac tua l  op t ica l  s igna l  ex i s t ing  
i n  a port ion of the  cor re la tor  i n  terms of the  input s igna l  S(z) and the  
non-l inear i t ies  of the par t icu lar  component being studied. Repeated use of 
t h i s  procedure can be made i n  order t o  describe the  performance of the  system. 
LV. Application t o  a Correlator 
We w i l l  now consider a cor re la tor  as described i n  sect ion I. for  
processing a s ignals  of the form 
S,(;C) = A C O S  n*, (3) 
0 where the  fac tor  n may take on various integer  values and where A i s  a 
normalizgd amplitude. The correlator  i s  t o  operate as a matched f i l t e r ,  
thus both the reference and s igna l  transparencies w i l l  contain rep l icas  of 
Sn(Z). 
recorded on them i n  a l i nea r  manner. 
transparency would contain a complete s e t  of t he  reference functions, one i n  
each channel, while t h e  s igna l  transparency would contain the received input 
s igna l  only, i n  the  form of  a one-dimensional d i s t r ibu t ion  of  density.  Due, 
however,to the  non-l inear i t ies  and biasing problems involved i n  producing the  
transparencies,  the various signals w i l l  be modified. We w i l l  describe the  
processes of converting the  signals Sn(z) i n t o  the reference and s igna l  t rans-  
parencies by means of the non-linear model introduced i n  the preceding sections.  
Idea l ly  the  reference and s ignal  transparencies would have the s ignals  
For corre la t ion  f i l t e r i n g  the ceference 
Accordingly we may wri te  fo r  the  l igh t  amplitudes leaving the references t rans-  
0 parency 
-5- 
where the  fac tors  an represent the coeff ic ients  of the  Taylor s e r i e s  expansion 
of t he  cha rac t e r i s t i c  curve of the reference transparency. Similar ly  we wr i te  
f o r  t he  s igna l  transparency. 
sm(4 = b o  + b, S,(z)+ b, S',(sS + b, s : ( t )  
+ bqS%(%)+**- . ( 5 )  
For the  s igna l  transparency, the subscript  m replaces n. Subst i tut ing 
expression (3) i n t o  (4) and (5 )  and expanding the  various powers of the  cosine 
function (see appendex) yields  
I n  order t o  simplify these expressions,we define 
I n  the following discussion we sha l l  consider only the  f i r s t  f ive  terms of 
these expressions. 
corss-correlat ion on the reference and s igna l  f'unctions (6) and (7) .  
operation may be wr i t ten  as  
The cor re la tor  then performs op t i ca l ly  the  operation of 
This 
Where T i s  the aperture length of the cor re la tor .  We w i l l  assume f o r  s implici ty  
t h a t  T i s  such t h a t  i t  i s  an integer  number of periods of each s igna l  i n  the  s e t .  
Under these conditions there  w i l l  be a corss-correlat ion between a term of 
Rn(z) and one of h ( z )  only when they are  of the same s p a t i a l  frequency. For 
a given value of n there  w i l l  be many values of m f o r  which t h i s  i s  the  case, 
but we w i l l  consider only 5 of these which typ i fy  the  e f f ec t .  Thkse are: 
Note t h a t  expression C (where both frequencies a re  equal) corresponds t o  the  
case of t he  s igna l  being detected.  
and erroneous "present" indications i n  the  various channels. 
The other expressions correspond t o  'knixing" 
I n  the  following 
sec t ion  we s h a l l  invest igate  quant i ta t ively the  various terms of these cor re la t ion  
f inc t ions  Eqs .  ( 9 )  . 
. .  . .  
- 7- 
V. Examples 
0 I n  an ac tua l  op t i ca l  cor re la tor  many d i f f e ren t  schemes can be used f o r  the 
production of s igna l  and reference transparencies. i n  t h i s  sect ion we w i l l  
t r e a t  three examples which are representative of the various a l te rna t ives  
avai lable .  One of these w i l l  be the l i n e a r  case which w i l l  a l so  serve as  a 
reference i n  comparing the r e s u l t s  of the  non-linear cases. I n  each example 
the  input s igna l  t o  the  photographic process w i l l  be normalized so  t h a t  the 
amplitude transmittance of the f i n a l  transparencies w i l l  vary approximately 
between .2 and .8. This being chosen s o  as t o  eliminate fogging and saturat ion 
e f f ec t s  of the  emulsions. This w i l l  be accomplished by appropriately adjusting 
the  constant "A" i n  equation (3) f o r  each case. I n  each case it w i l l  be assumed 
t h a t  the  s igna l  and reference transparencies are produced by iden t i ca l  photo- 
graphic processes. Thus t h e i r  T a y l o r  s e r i e s  coef f ic ien ts  w i l l  be iden t i ca l  i n  
each example 
Case 1. Posi t ive Processing, Linear Character is t ic  
Here we assume t h a t  the  or ig ina l  s igna l  i s  reproduced l i n e a r l y  and pos i t ive .  
Thismight be accomplished i r ?  two ways. If the  e l ec t r i ca l - l i gh t  modulator used 
i n  producing the  transparency i s  l inear  w i t h  respect t o  l i g h t  amplitude, control l ing 
of the  photographic processing t o  a t t a i n  a t o t a l  gamma of  1.0 w i l l  r e s u l t  i n  a 
l i n e a r  cha rac t e r i s t i c  curve fo r  the  combined processes. I f  the  e l ec t r i ca l - l i gh t  
modulation is l imm w i t h  respect t o  l i g h t  i n t ens i ty  (such as a spot i n t ens i ty  
modulation of a CRT) then a gamma value of 2.0 i n  the photographic processing 
w i l l  again y i e ld  a l i n e a r  "chaac te r i s t i c " .  
For t h i s  case 
Figure 3 presents such a curve. 
. .  . .  
-a- 
Expanding the  curve x = y i n  a Taylor s e r i e s  about x = .5(yo = .5) we obtain . 
Q O =  -5J 6 9 , = \ - 0  j 4 a =  0, 
4 4 " O  q 3 = q  
0 
Correspondingly the  coef f ic ien ts  of the reference and s igna l  transparencies 
The op t i ca l  reference and s igna l  functions are then 
a?(t) = 5 + .3 c o s  ) 
S ,  (13(E)= 5 + - 3  C Q S  me) 
where the superscript  (1) indicates  t h a t  the- functions are  va l id  f o r  case 1. 
The cor re la t ion  functions obtained i n  sect ion I V  Eqs  (9) become 
- -2s + . 0 4 6  cos n q  
0 
We thus observe t h a t ,  i n  t ,h is  case, there  i s  no e f f e c t  s i m i l a r  t o  "mixing" i n  
non-linear e lectronic  c i r c u i t s .  
Case 2: Square-Law Character is t ic ,  Posi t ive Processing 
This case i s  presented primarily t o  determine the  s e n s i t i v i t y  of the  
co r re l a t ion  processing t o  var ia t ions i n  the  gamma product of the developing 
process. 
t o  l i g h t  amplitude but the transparencies are  developed with a gama product 
of 2.0," cha rac t e r i s t i c  curve such as i s  shown i n  f igure  4. 
Here : 
If f o r  instance the e l ec t r i ca l - l i gh t  modulator i s  l i nea r  with respect 
w i l l  r e s u l t .  
. .  . .  . - 9- 
The coef f ic ien ts  of the Taylor s e r l e s  for  x = y2 aboxt x = .5 (yo = .TO") a re  
ae=.S, C a , = L 4  J 4 z = l " o J  0 
and the reference and s igna l  transparency coef f ic ien ts  become 
h - r& = 5 ,  = 0 -r, =so - .53 J r,= 5 , = .  0 3  , 
rc r, = S ,  - z.36 3 Y g =  s s =  0 
Then the  o p t i c a l  reference and signal  f'unctions a re  
a':'(*)=. 6 3  +, $6 c o s  M E  +.03 C O S  Z M s  
The cor re la t ion  functions become 
Case 3: Negative Processing 
This case i s  considered since a considerable s i n p l i f i c a t i o n  of the  
photographic processing res,Jl ts  when the  s igna l  may be represented as a negative. 
Figure 5 presents  a characteristic curve tha t  would r e s u l t  i f  the  e l e c t r i c a l -  
l i g h t  modulator would be l i nea r  i n  l i g h t  amplitude and the  negative would be 
processed t o  a g m a  of 1.0. Accordingly 
. .  
c 
b -10- 
about x = .5  (yo = 2.0) a re  The Taylor s e r i e s  coefficieEts f o r  2: = y-L 1 
The reference and s igna l  transparency coef f ic ien ts  then become 
AI ro 
I G=S,=.S4, r ,=s+  . 20  ) r==42= -61 
Y 3 = s ~ = . o o ? J  r 4 = S * Z _ a O 6 ~ ,  
.c. 
Fina l ly  we have f o r  t he  op t i ca l  reference and s igna l  f'unctions 
~ ~ ~ C 2 3 = . s 4 - . 2 Q C b d l ~ . t + - O l  C Q S Z U t .  
-,002 c ~ S ~ H ~ - + , O O O O ~  C U S ~ A S  
. .  -11- 
I V I .  Conelustons 
-. ~ 
' 0  
A method was derived f o r  the consideration on non-l inear i t ies  in cllzela?5on 
The method i s  based on describing the  non-l inear i t ies  of the  s igna l  processing. 
and reference functions of the transparencies by t h e i r  corresponding Taylor 
s e r i e s  coef f ic ien ts .  This permits computation of t he  cor re la t ion  functions.  A 
summary of the r e s u l t s  of considering three representat ive cases, namely f o r  
l i nea r ,  quadratic, and inverse charac te r i s t ics  i s  shown i n  Table 1. 
The en t r i e s  i n  the  tab le  are  the cor re la t ion  functions according t o  
Eq. (8). The subscr ipts  ~ ~ i n  indicate  the  spatial frequencies of the s igna l  
and reference functions respectively.  
sec t ion  I V  and shown i n  the  f i r s t  column are 1/4, 1/2, 1, 2, and 4.  
cor re la t ion  functions f o r  the three cases i n  the corresponding columns contain 
four types of terms. F i r s t  there  are the D . C .  terms which are  of minor i n t e r e s t  
The frequency rat ios  considered i n  
The 
I 
I since they can be eliminated by a D . C .  s top o r  by adjustment of D.C .  l eve l s  of 
the  output detectors .  There are then three types of terms varying with sigma. 
The i d e a l  ( l i nea r )  cor re la tor  w i l l  have an output varying with sigma only 
i .  0 
~ 
when m = n. This occurs i n  case one. Any harmonic term varying with sigma 
when m #  n corresponds t o  an e r ro r  term indicat ing "mixing" between channels. 
The terms of the  fourth type appear as harmonic d i s to r t ions  fo r  m = n but these 
do not a f f ec t  the  cor re la tor  operation. 
e r r o r  terms t o  the  sigma varyin.g terms for m = n i s  then an indicat ion of the  
The r a t i o  of the  amplitudes of the  
detr imental  e f f ec t  of t he  non-l inear i t ies .  We observe from Table 1 t h a t  
although considerable non-l inear i t ies  e x i s t  i n  the cases 2 and 3, t h i s  r a t i o  
remains below 0.1 i n  both cases.  The cor re la t ion  process thus tends t o  minimize 
the  non-linear e f f ec t s .  
high signal-to-noise-ratio with only one s igna l  processed a t  a time (time 
Consequently, if a cor re la tor  i s  being operated i n  
mult iplex) ,  the non-linear effects  are  negl igible .  I n  such cases it may be 
&mSsfbLe t o  relax the requirements w i t h  regard t o  l i n e a r i t y  and t o  simplify 0 
. .  . .  
L -12- 
. photographic processing by using negativz t r a n s p s e n c i e s  (case 3).  I f ,  
however, the processor has t o  de tec t  the presence of one of a number of 0 
s igna ls  received simultaneously, o r  i s  t o  ,aperate i n  a large-noise environ- 
ment, the e f f e c t  of non- l inear i t ies  mzy become appreciable. Under such 
conditions l i n e a r  processing becomes des i rab le .  
.. 
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A P P E N D I X  
A.  Expansion of  powers of cos 8 
cos2 0 = 1/2 (1 + cos 20) 
cos3 8 = 1/4 (3 COS 8 .t COS 38) 
0 = 118 (3 + 4 COS 28 -+ COS 48) 
 COS^ 8 = 1/16 (io COS 8 .t 5 COS 3e .t COS 5e) 
CO& 8 = 1/32 (io + 15 COS 28 .t 6 COS 40 + COS 6 e )  
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